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Abstract
On the basis of a seesaw-type mass matrix model for quarks and
leptons,Mf ≃ mLM−1F mR, wheremL ∝ mR are universal for f = u, d, ν
and e (up-quark-, down-quark-, neutrino- and charged lepton-sectors),
andMF has a form [(unit matrix)+(democratic-type matrix)], neutrino
masses and mixings are investigated. It is tried to understand a large
νµ-ντ mixing, i.e., sin
2 2θ23 ∼ 1, with mν1 ≪ mν2 ∼ mν3, which has
been suggested by the atmospheric neutrino data.
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1. Introduction
The Kamiokande collaboration [1] has recently suggested a possibility of a
large neutrino mixing νµ-νx, sin
2 2θ ≃ 1, with ∆m2 ≃ 1.8 (1.6)×10−2 eV2 for x = e
(x = τ) from their atmospheric neutrino data. Although their conclusion is still
controversial [2], it seems to be worth while to take it seriously. On the other hand,
the solar neutrino data [3] with the Mikheyev-Smirnov-Wolfenstein (MSW) effect
[4] have suggested a neutrino mixing sin2 2θ ≃ 7× 10−3 with ∆m2 ≃ 6× 10−6 eV2.
What is of great interest to us is whether we can give a satisfactory explanation of
both the data, [1] and [3], on the basis of an extension of a successful quark mass
matrix model to the neutrino sector.
Recently, based on a seesaw-type quark mass matrix model [5], Fusaoka
and the author [6] have proposed a quark mass matrix model which can naturally
understand the observed facts mt ≫ mb and mu ∼ md, without bringing such a
parameter as a parameter inMu takes extremely large value compared with that in
Md. They have assumed vector-like heavy fermions Fi in addition to conventional
quarks and leptons fi (i = 1, 2, 3) [f = u (up-quarks), f = d (down-quarks), f = ν
(neutrinos) and f = e (charged leptons)]. These fermions belong to FL = (1, 1),
FR = (1, 1), fL = (2, 1), and fR = (1, 2) of SU(2)L×SU(2)R, respectively. The
mass matrix for (f, F ) is given by a 6× 6 matrix
M =

 0 mL
mR MF

 = m0

 0 Z
κZ λOf

 , (1.1)
where the chiral symmetry breaking termsmL andmR are assumed to bemL ∝ mR
and they have a universal structure Z for quarks and leptons f (= u, d, ν, e),
Z =


z1 0 0
0 z2 0
0 0 z3

 , (1.2)
where zi are normalized as z
2
1
+ z2
2
+ z2
3
= 1. The heavy fermion mass matrix
MF = m0λOf has a structure [7] of [(unit matrix)+(a democratic-type matrix)]
and it includes only one complex parameter bfe
iβf which depends on f = u, d, ν, e:
Of = 1+ 3bfe
iβfX , (1.3)
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where 1 are a 3× 3 unit matrix and X is a democratic-type matrix [8]
X =
1
3


1 1 1
1 1 1
1 1 1

 . (1.4)
The mass matrix (1.1) leads to the well-known seesaw form Mf ≃ mLM−1F mR for
TrMF ≫ TrmR,TrmL. Note that the inverse matrix of Of again takes the form
[(unit matrix)+(democratic-type matrix)],
O−1f = 1+ 3afe
iαfX , (1.5)
with
afe
iαf = − bfe
iβf
1 + 3bfeiβf
. (1.6)
The limit bfe
iβf → −1/3 leads to |af | → ∞. Therefore, a slight difference between
bu and bd around bf ≃ −1/3 can induce an extremely large difference between mt
and mb. On the other hand, we can keep mu ∼ md because the democratic mass
matrix makes only the third family heavy. Thus, they [6] have given a natural
explanation of the observed facts mt ≫ mb and mu ∼ md.
In order to fix the parameters zi, they have assumed that be = 0, i.e.,
Me ≃ m0κ
λ
Z2 , (1.7)
so that zi are given by
z1√
me
=
z2√
mµ
=
z3√
mτ
=
1√
me +mµ +mτ
. (1.8)
By taking κ/λ = 0.02, bu = −1/3 (βu = 0) and bd = −1 (βd = −18◦), they have
obtained reasonable quark mass ratios and Kobayashi-Maskawa (KM) [9] matrix
parameters.
In their model, the variety of the quark and lepton mass matrices come form
the variety of the corresponding heavy fermion mass matrices which are charac-
terized by the parameter bfe
iβf . They have concluded that the parameter values
bu = −1/3, bd = −1 and be = 0 are favorable to the observed mass spectra and
mixings. However, why the nature chooses such values of bf is an open question.
In order to obtain a clue to such a question, in the present paper, we investigate
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what value of bν is required from the phenomenological study of neutrino masses
and mixings.
2. Neutrino mass matrix
In the model in Ref. [6], the mass matrices of the charged leptons and quarks
have been given by (1.1). In order to understand why neutrino masses are so
negligibly small, we must consider that a value of the parameter λ in (1.1) in
neutrino sector takes extremely large value compared with those in charged lepton
and quark sectors, or that a extremely large Majorana mass term causes the so-
called seesaw mechanism [10] doubly. The former case is not natural from the
standpoint of the unified description of quark and lepton mass matrices. For the
latter case, two possibilities are considered: one is that the heavy neutrinos NLi
and NRi have large Majorana masses MM , and another is that the right-handed
neutrinos νRi have large Majorana masses MM . Roughly speaking, for TrMM ≫
TrMD (for convenience, we denote the Dirac massesMF in (1.1) asMD), the former
and latter cases lead to mass matrices for the left-handed neutrinos νLi,
MνL ≃ −(1/2)2mLM−1M mTL , (2.1)
and
MνL ≃ −(1/2)4mLM−1D mRM−1M mTR(MTD)−1mTL , (2.2)
respectively. In the former case, in order to give neutrino mixings, we must consider
some structure of MM , which may be independent of that of MD, so that the mass
matrix MνL cannot be related to the mass matrices of charged leptons and quarks.
In the present paper, we investigate the latter possibility.
The 6×6 mass matrix which is sandwiched by (νL, νcR, NL, N cR) and (νcL, νR, N cL, NR)T
is given by
M =


0 0 0 1
2
mL
0 MM
1
2
mTR 0
0 1
2
mR 0 MD
1
2
mTL 0 M
T
D 0

 , (2.3)
so that the 3 × 3 light-neutrino mass matrix is given by (2.2). We assume that
MM is simply given by MM = m0ξ1, while MD is given by a universal structure
MD = m0λOf = m0λ(1 + 3bνe
iβνX) as well as those in quark sectors. Then, we
obtain
MνL ≃
1
16
κ2m0
λ2ξ
ZO−1ν Z · ZO−1ν Z . (2.4)
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In Fig. 1, we illustrate the behavior of the neutrino masses versus the pa-
rameter bν , which is similar to that of the quark masses (see Fig. 1 in Ref. [6]). For
the case of βν = 0, at bν = −1/2 (bν = −1), the mass levels mν3 and mν2 (mν2 and
mν1) degenerate each other. Therefore, we can expect that large neutrino mixings
occur at bν = −1/2 and bν = −1. For the case of βν 6= 0, the degeneracies between
mνi and mνj disappear, so that the large mixings sin
2 2θij ≃ 1 become mild.
3. Masses and mixings for typical three cases of bν
Let us show the neutrino masses mi and mixing matrix UνL for typical three
cases of bν : bν ≃ −1/3, bν ≃ −1/2 and bν ≃ −1. Here, the mixing matrix UνL is
defined by
να =
3∑
i=1
(UνL)αi νi , (3.1)
where να (α = e, µ, τ) are flavor eigenstates and νi (i = 1, 2, 3) are mass eigenstates.
For simplicity, we consider the case of βν = 0. Then, we obtain the following
approximate expressions:
mν1 ≃
(
3
4
me
mτ
)2
mν
0
, mν2 ≃
(
mµ
mτ
)2
mν
0
, mν3 ≃
( √
2
27|ε|
)2
mν
0
, (3.2)
UνL ≃


1 1
2
√
me/mµ
√
me/mτ
−1
2
√
me/mµ 1
√
mµ/mτ
−1
2
√
me/mτ −
√
mµ/mτ 1

 , (3.3)
for bν ≃ −1/3 (ε ≡ bν + 1/3),
mν1 ≃
(
me
mτ
)2
mν
0
, mν2 ≃ mν3 ≃
(
1
2
√
mµ
mτ
)2
mν
0
, (3.4)
UνL ≃


1 1√
2
(√
me
mµ
+ η
√
me
mτ
)
1√
2
(√
me
mµ
− η
√
me
mτ
)
−
√
me/mµ
1√
2
−η 1√
2
−
√
me/mτ η
1√
2
1√
2

 , (3.5)
for bν ≃ −1/2, and
mν1 ≃ mν2 ≃
(
1
2
√
memµ
m2τ
)2
mν
0
, mν3 =
(
1
4
)2
mν
0
, (3.6)
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UνL ≃


1√
2
−η 1√
2
−
√
me/mτ
1√
2
1√
2
−
√
mµ/mτ
η 1√
2
(√
mµ
mτ
+ η
√
me
mτ
)
1√
2
(√
mµ
mτ
− η
√
me
mτ
)
1

 , (3.7)
for bν ≃= −1, where mν0 is defined by
mν
0
=
(
κ
2λ
)2 m0
ξ
. (3.8)
Here, in (3.5) [(3.7)], the factor η is defined as η = ±1 for bν = b023 ∓ ε ≃ −1/2
(1≫ ε > 0) [bν = b012 ± ε ≃ −1 (ε > 0)], where b023 [b012] is the value of bν at which
the masses of ν2 and ν3 [ν1 and ν2] exactly degenerate. As shown in (3.5) and (3.7),
the mixing elements (UνL)α2 and (UνL)α3 [(UνL)α1 and (UνL)α2 ] are exchanged each
other at bν = b
0
23
[bν = b
0
12
], because the mass levels of ν2 and ν3 [ν1 and ν2] cross
each other at bν = b
0
23
[bν = b
0
12
] as seen in Fig. 1.
The result (3.3) for the case bν ≃ −1/3 has been reported in Ref. [11]. The
mixing matrix element Ue2 ≡ sin θe2 leads to sin2 2θe2 ≃ me/mµ = 4.8 × 10−3,
which is in good agreement with the MSW solution of solar neutrino data [3]
sin2 2θ ≃ 7 × 10−3. However, in this paper, we will direct our attention to the
atmospheric neutrino data [1] as well as the solar neutrino data [3].
4. Numerical study
We consider that the atmospheric neutrino data [1] show νµ-ντ mixing, while
the solar neutrino data [3] show νe-νµ mixing.
For reference, in Fig. 2, we illustrate ∆m2
21
≡ m2ν2 −m2ν1 versus sin2 2θe2 ≡
4|Ue2|2(1− |Ue2|2) and ∆m232 ≡ m2ν3 −m2ν2 versus sin2 2θµ3 ≡ 4|Uµ3|2(1− |Uµ3|2) in
the case of βν = 0. Note that the value of sin
2 2θe2 is discontinuous at bν ≃ −1/2
because the value of bν crosses the value b
0
23
≃ −1/2.
We interests in the case of bν ≃ −1/2, because the case yields sin2 2θµ3 ∼ 1
with mν1 ≪ mν2 ≃ mν3. In Fig. 3, we illustrate the behaviors of sin2 2θe2 and
sin2 2θµ3 versus bν . For reference, we also illustrate the ratio ∆m
2
32
/∆m2
21
in the
figure. The observed values ∆m2
32
≃ 1.6 × 10−2 eV2 [1] and ∆m2
21
≃ 6 × 10−6
eV2 [3] give the ratio ∆m2
32
/∆m2
21
≃ 2.7 × 103. As seen in Fig. 3, there is no
solution which gives sin2 2θµ3 ≃ 1, sin2 2θe2 ≃ 0.007 and ∆m232/∆m221 ≃ 3 × 103
simultaneously. If we reduce the requirement of the maximal mixing sin2 2θµ3 ≃ 1,
for example, to sin2 2θµ3 ≃ 0.4, we can find satisfactory solutions of bν . For the case
of βν = 0, the choice bν ≃ −0.41 can give the plausible values of sin2 2θµ3, sin2 2θe2
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and ∆m2
32
/∆m2
21
as seen in Fig. 3. For the case of βν 6= 0, we take bν = −1/2 by
way of trial, because the value is a simple fractional number which gives bν ∼ −0.5.
Then, the choice βν ≃ 22◦ can give favorable predictions. We list numerical results
for some special cases of (bν , βν) in Table 1.
In Table 1, the values ξm0 have been estimated as follows: from (1.7), we
obtain
m0κ/λ = mτ +mµ +me = 1.883 GeV , (4.1)
so that from the definition (3.8), we obtain
ξm0 = (mτ +mµ +me)
2/4mν
0
. (4.2)
Here, the values of mν
0
have been obtained from (∆m2
21
)theory/(∆m
2
21
)input with
(∆m2
21
)input = 6 × 10−6 eV2. We find that the Majorana masses of νR are of the
order of 109 GeV.
5. Discussions
As seen in Fig. 3 and Table 1, if we want a solution which gives the largest
possible νµ-ντ mixing with ∆m
2
32
≥ 10−2 eV2 (for the input ∆m2
21
= 6×10−6 eV2),
the solution bν = −0.41 with βν = 0 is favorable rather than the case of β 6= 0: the
mixing matrix UνL and neutrino masses mνi are given by
UνL =


0.9988 0.0387 0.0310
−0.0484 0.9061 0.4203
−0.0117 −0.4212 0.9069

 , (5.1)
mν1 = 2.4× 10−8 eV, mν2 = 0.0024 eV and mν3 = 0.099 eV, respectively
However, from the phenomenological study [6] of quark masses and KM
mixings, we have known that the values bu = −1/3 and bd = −1 for the input
be = 0 are favorable. If we take notice of an empirical rule that (be, Qe) = (0,−1),
(bd, Qd) = (−1,−1/3) and (bu, Qu) = (−1/3,+2/3), where Qf is the charge of
the fermions fi, we can speculate [12] (bν , Qν) = (+2/3, 0) for the neutrino sec-
tor. The value bν = 2/3 with βν = 0 (βν = pi) predicts sin
2 2θe2 = 3.2 × 10−3
(0.074), sin2 2θµ3 = 0.021 (0.52) and ∆m
2
32
/∆m2
21
= 1.2 × 105 (4.1 × 103). The
predicted values of sin2 2θµ3 and ∆m
2
32
/∆m2
21
in the case of (bν , βν) = (+2/3, pi)
[i.e., (bν , βν) = (−2/3, 0)] are favorable to the observed data, but the predicted
value sin2 2θe2 = 0.074 is larger by one order than the the MSW-suggested value
sin2 2θe2 ≃ 7 × 10−3. If we suppose bν = 2/3 with βν ≃ pi, we must discard the
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neutrino mixing sin2 2θe2 ≃ 7×10−3 with ∆m221 ≃ 6×10−6 eV2, which is suggested
from the solar neutrino data. On the other hand, if we suppose bν = 2/3 with
βν ≃ 0, we must discard the neutrino mixing sin2 2θµ3 ∼ 1 with ∆m232 ≃ 1.6×10−2
eV2, which is suggested from the atmospheric neutrino data. If we want an expla-
nation both for the atmospheric and solar neutrino data, we must accept the choice
(bν , βν) ≃ (−0.41, 0), but it is an open question how we understand the parameter
value bν ≃ −0.41 with βν ≃ 0 from the point of view of a unified description of bf
(f = ν, e, u, d).
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Table 1. Numerical results for special cases of (bν , βν). The input value
∆m2
21
≡ 6× 10−6 eV2 is used in order to fix the value of mν
0
.
(bν , βν) (−0.41, 0◦) (−0.40, 0◦) (−1/2, 20◦) (−1/2, 22◦)
∆m2
21
6× 10−6 eV2 6× 10−6 eV2 6× 10−6 eV2 6× 10−6 eV2
sin2 2θe2 6.1× 10−3 5.9× 10−3 1.4× 10−2 1.4× 10−2
∆m2
32
0.97× 10−2 eV2 2.7× 10−2 eV2 0.65× 10−2 eV2 1.1× 10−2 eV2
sin2 2θµ3 0.58 0.52 0.49 0.41
m(ν1) 2.4× 10−8 eV 2.6× 10−8 eV 7.4× 10−8 eV 8.2× 10−8 eV
m(ν2) 2.4× 10−3 eV 2.4× 10−3 eV 2.4× 10−3 eV 2.4× 10−3 eV
m(ν3) 0.099 eV 0.16 eV 0.081 eV 0.103 eV
mν
0
0.46 eV 0.50 eV 1.25 eV 1.44 eV
ξm0 1.9× 109 GeV 1.8× 109 GeV 0.71× 109 GeV 0.62× 109 GeV
Figure Captions
Fig. 1. Neutrino masses (in unit of mν
0
) versus the parameter bν . The solid
and broken lines correspond to the cases βν = 0 and βν = 20
◦, respectively.
Fig. 2. ∆m2ij [in unit of (m
ν
0
)2] versus sin2 2θαi: (a) ∆m
2
21
versus sin2 2θe2
and (b) ∆m2
32
versus sin2 2θµ3. The dots denote points bν = +10, +1, +0.1, −0.1,
−0.2, −0.3, −0.4, −0.5, −0.6, −0.7, −0.8, −0.9, −1.0 and −10.
Fig. 3. sin2 2θe2, sin
2 2θµ3 and ∆m
2
32
/∆m2
21
versus the parameter bν . The
solid and broken lines correspond to the cases βν = 0 and βν = 20
◦, respectively.
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